ABSTRACT. A class of lattice ordered groups is called a formation if it is closed with respect to homomorphic images and finite subdirect products. Analogously we define the formation of GMV -algebras. Let us denote by F 1 and F 2 the collection of all formations of lattice ordered groups or of GMV -algebras, respectively. Both F 1 and F 2 are partially ordered by the class-theoretical inclusion. We prove that F 1 satisfies the infinite distributivity law X ∧ i∈I X i = i∈I (X ∧X i ) and that F 2 is isomorphic to a principal ideal of F 1 .
Introduction
A class of groups is defined to be a formation if it is closed with respect to homomorphic images and finite subdirect products.
Formations of groups were studied by several authors; cf., e.g., B a e r [1] , D o e r k and H a w k e s [3] , G u o and S h u m [8] , K r a m e r [13] , S h e m e tk o v [16] , [17] and W r i g h t [19] . The monograph [18] by S h e m e t k o v deals with formations of finite groups; in the introduction the author remarks that the papers on the development of formation methods for the needs of infinite groups or Lie groups remained out of the content of the book. Nevertheless, [18, Chapter I] contains a detailed presentation of the basic notions of the theory without assuming the finiteness of the groups under consideration.
In fact, the above definition of formation can be used for any variety of algebras. In the present paper we will apply this definition for lattice ordered groups and for GM V -algebras. We recall that if a lattice ordered group has more than one element, then it is infinite. Each variety of lattice ordered groups is a formation, and analogously for GM V -algebras.
Let F 1 and F 2 be the collection of all formations of lattice ordered groups or of GM V -algebras, respectively.
For X 1 , X 2 ∈ F 1 we write X 1 X 2 if X 1 is a subclass of X 2 . The collection F 1 is large; namely, there exists an injective mapping of the class of all infinite cardinals into the collection F 1 . Nevertheless, with respect to the relation in F 1 , we can apply for F 1 the usual notions and the notation of the theory of partially ordered sets. (For the analogous situation concerning the collection T of all torsion classes of lattice ordered groups, cf. M a r t i n e z [14] .) Thus, for X ⊆ F 1 with X = {X i } i∈I , the symbols sup X or i∈I X i denote the least upper bound of X in F 1 ; the symbols inf X and i∈I X i have a dual meaning.
We prove that if X ∈ F 1 and (X) i∈I is an indexed system of elements of F 1 , then both i∈I X i and i∈I X i exist; moreover, the relation
is valid. Hence, applying the terminology of lattice theory we can say that F 1 is a complete Brouwerian lattice. Put F 01 = {X ∈ F 1 : X = ∅}. Further, let X 0 be the class of all oneelement lattice ordered groups. Then X 0 is the least element of F 01 . The notion of atom of F 01 is defined in the usual way. An element Y ∈ F 01 is an antiatom if, whenever X ∈ F 01 and X 0 < X Y , then X fails to be an atom in F 01 . We prove that there exist infinitely many atoms and infinitely many antiatoms in F 01 .
The partial order on the collection F 2 of formations of GM V -algebras is defined similarly as in F 1 . We prove that, with respect to these partial orders, F 2 is isomorphic to a principal ideal of F 1 .
Subdirect products of M V -algebras were investigated by the author [11] . Some results of [11] remain valid for GM V -algebras as well, cf. [12] ; we will apply them in Section 6 below.
Preliminaries
For lattice ordered groups we apply the terminology and the notation as in B i r k h o f f [2] . Thus the group operation in a lattice ordered group is denoted by the symbol +, though the commutativity of this operation is not assumed to be valid.
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Let G be a lattice ordered group. If ρ is a congruence relation on G and x ∈ G, then ρ(x) is the congruence class containing x. The corresponding quotient lattice ordered group is denoted by G/ρ.
The direct product of an indexed system (G i ) i∈I of lattice ordered group is defined in the usual way; we apply the notation
then H is a subdirect product of the system (G i ) i∈I . In such a case we write
Assume that G is a lattice ordered group and (ρ i ) i∈I is a system of congruence relations on G such that i∈I ρ i = ρ 0 , where ρ 0 is the least congruence relation on G. For each x ∈ G put ϕ(x) = (x(ρ i )) i∈I . Then ϕ determines a subdirect product decomposition of G with the subdirect factors G/ρ i . Up to isomorphisms, each subdirect product representation of G can be expressed in this way. Put G/ρ i = G i . In this situation we write
and we say that (1) is an internal subdirect decomposition of G. Analogous definition and notation will be applied for GM V -algebras. We recall that the notion of GM V -algebra was introduced independently by G e o rg e s c u and I o r g u l e s c u [6] , [7] and by R a c hů n e k [15] ; in [6] and [7] , the term 'pseudo M V -algebra' was applied. A GM V -algebra is an algebraic structure A = (A; ⊕, − , ∼ , 0, 1) of type (2, 1, 0, 0) such that the axioms (A1)-(A8) from [12] are satisfied. D v u r eč e n s k i j [4] proved that each GM V -algebra is an interval of a unital lattice ordered group. In more detail, this result can be described as follows.
If u is a fixed strong unit of a lattice ordered group, then the pair (G, u) will be said to be a unital lattice ordered group. Consider the interval A = [0, u] of G and for each x, y ∈ A put
D v u r eč e n s k i j 's result says that for each GM V -algebra A there exists a unital lattice ordered group (G, u) with A = Γ(G, u).
JÁN JAKUBÍK
3. The classes hom X, sub 0 X and form X When speaking about a class of lattice ordered groups we always assume that X is closed with respect to isomorphisms.
Let G be the class of all lattice ordered groups. Further, let F 1 be as in Section 1. Then G is the greatest element of F 1 and the empty set ∅ is the least element of F 1 .
Assume that (X i ) i∈I is an indexed system of elements of F 1 . In view of the definition of F 1 we have i∈I X i ∈ F 1 . This yields that i∈I X i is the greatest lower bound of the indexed system (X i ) i∈I in F 1 ; thus according to the convention from Section 1 we can write
From this and from the fact that F 1 is bounded we conclude that
For any class X of lattice ordered groups we denote by hom X -the class of all homomorphic images of elements of X; sub 0 X -the class of all finite subdirect products of elements of X.
Further, we put form X = i∈I X i , where {X i } i∈I is the collection of all
The following assertion is obvious.
Ä ÑÑ 3.1º Let X be a system of lattice ordered groups. Then X ⊆ hom X, X ⊆ sub 0 X and
If ρ is a congruence relation on a lattice ordered group, then ρ(0) = H is an -ideal of G; instead of G/ρ we apply also the notation G/H.
Let h i and g i satisfy the mentioned assumptions. Thus there exist h ∈ H and g ∈ G such that h i = h i and g i = g i . Put h = h ∨ 0 and g = g ∨ 0. We
FORMATIONS OF LATTICE ORDERED GROUPS AND OF GMV -ALGEBRAS
and let h, g be as above (i.e.,
Ä ÑÑ 3.3º Let the assumptions as in 3.2 be satisfied. Then
P r o o f. In view of 3.2, we can construct the lattice ordered groups
As above, we write g
a) First we verify that the mapping ϕ is correctly defined. Suppose that g ∈ G and
b) It is easy to verify that the mapping ϕ is regular with respect to the operations +, ∨ and ∧. c) Let i ∈ I and g i ∈ G i ; hence
Summarizing we conclude that the mapping ϕ determines the subdirect product decomposition ( * ).
Assume that X is a class of lattice ordered groups. If X = ∅, then clearly hom X = sub 0 X = form X = X.
Ä ÑÑ 3.4º Suppose that X is a nonempty class of lattice ordered groups. Then
From this and from 3.3 we conclude that G * is an element of sub 0 (hom X).
a) In view of 3.1, the relation sub 0 Z = Z is valid. b) According to 3.4 we have
Thus in view of 3.1, hom Z ⊆ Z, yielding hom Z = Z.
Ì ÓÖ Ñ 3.6º Let X be a class of lattice ordered groups. Then form X = sub 0 (hom X).
P r o o f. It suffices to consider the case X = ∅. Put sub 0 (hom X) = Z. According to 3.5, Z ∈ F 1 . Clearly, X ⊆ Z. Thus in view of the definition of form X we obtain form X ⊆ Z.
This yields that form X ⊇ Z. Summarizing, we get form X = Z.
Under the notation as in 3.1 we have hom X i = X i for each i ∈ I; hence in view of 3.6 we obtain
Thus 3.7 yields:
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hence it suffices to verify that the relation
Since the operation ∧ coincides with the operation ∩, in view of 3.8 we have
Let G ∈ X ∩ sub 0 i∈I X i . Hence G ∈ X and G has a subdirect product
The classes S α
In Section 1 we remarked that F 1 is a large collection. In the present section we prove:
Ì ÓÖ Ñ 4.1º There exists an injective mapping of the class of all infinite cardinals into the collection F 1 .
Let α be an infinite cardinal. The class of all lattice ordered groups G with card G α will be denoted by X α . Ä ÑÑ 4.2º X α ∈ F 1 . P r o o f. We have to verify that hom X α ⊆ X α and sub 0 X α ⊆ X α . First, let H 1 ∈ hom X α . Hence there is G 1 ∈ X α such that H 1 is a homomorphic image of G 1 . Then cardH 1 card
Ä ÑÑ 4.3º Let α be an infinite cardinal. There exists a lattice ordered group
G with card G = α. There are two types of classes of lattice ordered groups which have been frequently used in the literature, namely: varieties and torsion classes.
The notion of torsion class of lattice ordered groups was introduced by M a rt i n e z [14] and it was dealt with in several papers. Recall that a nonempty class X of lattice ordered groups is a torsion class if it is closed with respect to homomorphisms, convex -subgroups and joins of convex -subgroups. H o l l a n d [9] proved that each variety of lattice ordered group is a torsion class.
Using the classes X α we will show that a formation of lattice ordered groups need not be a torsion class.
From the fact that a torsion class is closed with respect to joins of convex -subgroups we easily obtain:
Ä ÑÑ 4.5º Each torsion class of lattice ordered groups is closed with respect to direct sums.
Ä ÑÑ 4.6º Let X be a torsion class of lattice ordered groups. Assume that there exists G 0 ∈ X with G 0 = {0}; put α 0 = card G 0 . Then for each cardinal α with α > α 0 there exists G ∈ X such that card G = α. P r o o f. We apply the same idea as in the proof of 4.3 with the distinction that we take the lattice ordered group G 0 instead of Z.
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According to the definition of X α and in view of 4.6 we obtain: ÈÖÓÔÓ× Ø ÓÒ 4.7º Let α be an infinite cardinal. Then X α fails to be a torsion class. Now we will show that a torsion class of lattice ordered groups need not be a formation.
For the notion of lexicographic product of linearly ordered groups, c.f., e.g., F u c h s [5] .
Consider an indexed system S = (G i ) i∈I , where I is a linearly ordered set and for each i ∈ I, G i is a linearly ordered groups. We denote by Γ i∈I G i the corresponding lexicographic product. If I = {1, 2}, then we apply the notation
Let Z be as in 4.3 and let G i be linearly ordered with 
Let T be the torsion class generated by the linearly ordered group G 1 • G 2 . In view of [10, Lemma 6] , T is the class of all lattice ordered groups which can be expressed as a direct sum of homomorphic images of the linearly ordered group G 1 • G 2 . We claim that T fails to be a formation.
By way of contradiction, assume that T is a formation. Since
Then, in view of the assumption, H 2 belongs to T as well. Put
and consider the mapping ϕ :
Then ϕ is an isomorphism of H 2 onto H 3 , hence H 2 is lexicographically decomposable. On the other hand, each element of T is lexicographically indecomposable. We arrived at a contradiction. Thus the torsion class T fails to be a formation.
Atoms and antiatoms
We denote by aF 01 and a F 01 the collection of all atoms of F 01 , or the collection of all antiatoms of F 01 , respectively. We start with the following construction.
JÁN JAKUBÍK
As above, let α be an infinite cardinal. We denote by ω(α) the first ordinal having the cardinality α. Put I = ω(α) and for each i ∈ I let G i = Z. Consider the lexicographic product
The elements of H 1 are denoted by h = (h i ) i∈I . Further, let us denote by H(α) the -subgroup of H 1 consisting of all h ∈ H 1 such that the set {i ∈ I : h i = 0} is finite. Then from the definition of I we conclude that H(α) is a linearly ordered group such that
each nonzero homomorphic image of H(α) is isomorphic to H(α).
Let X(α) be the class of all lattice ordered groups isomorphic to
Without loss of generality we can suppose that H j = {0} for j = 1, 2, . . . , n. Each H j is isomorphic to a homomorphic image of G, whence H j ∈ Z. According to ( * 2 ) we obtain H(α) ∈ Z and thus X(α) ⊆ Z. Consequently, Let Q be the additive group of all rationals with the natural linear order. Each subgroup of Q is assumed to be linearly ordered by the induced linear order. Further, let P = {p n } n∈N be the set of all primes; we suppose that p n 1 < p n 2 if n 1 , n 2 ∈ N, n 1 < n 2 . For n ∈ N let G n be the subgroup of G generated by the element
For m ∈ N we put N(m) = {n ∈ N : n m}. Consider the lexicographic product
Let X m be the class of all lattice ordered groups isomorphic to G m ; put Y m = form X m .
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Each linearly ordered group G n is simple (in the sense that it has no nontrivial congruence relations). This yields that G n is lexicographically indecomposable. From this and from Malcev's theorem on lexicographic product decomposition of linearly ordered groups (cf. (1) m such that H is isomorphic to G m (1) .
We have to verify that Z fails to be an atom of F 01 .
Since
In view of the above remark concerning hom X m , there exist m (1) Let α be a cardinal and J be a set with card J = α. Further, let {X j } j∈J be a set of mutually distinct atoms of
In view of 3.9 we obtain 01 and Z ∈ a F 01 . Then X Z, whence X ∧ Z = X 0 . From this and from 3.9 we obtain X ∧ Y = X 0 . Therefore Y ∈ a F 01 .
For X 1 , X 2 ∈ F 01 we write X 1 ≺ X 2 if there is no Z ∈ F 01 with X 1 < Z < X 2 . In such a situation we say that X 2 covers X 1 .
Let us remark that the analogously defined covering relation for varieties of lattice ordered groups was investigated in several papers. 
Formations of GM V -algebras
We denote by X s the class of all lattice ordered groups having a strong unit.
Ä ÑÑ 6.1º X s ∈ F 01 . P r o o f. Obviously, X s = ∅. Let G ∈ X s and let u be a strong unit of G. Further, let ρ be a congruence relation on G. Then u(ρ) is a strong unit of G/ρ; hence X s is closed with respect to homomorphisms.
Assume that H ∈ G and H = (sub)H 
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For each X ∈ F 01 with X X s we denote by ϕ(X) the class of all GM V -algebras A having the property that there exist G ∈ X and a strong unit u of G with A = Γ(G, u).
Ä ÑÑ 6.2º For each X ∈ F 01 with X X s , ϕ(X) belongs to F 02 . P r o o f. This is a consequence of [12, Lemma 4.4] .
Let Y ∈ F 02 . We denote by ψ(Y ) the class of all lattice ordered groups G such that there exists A ∈ Y with A = Γ(G, u), where u is a strong unit of G.
In 
